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Abstract
The phenomena of the trapped Bose–Einstein condensates related to matter
waves and nonlinear atom optics can be governed by a variable-coefficient
Korteweg–de Vries (vc-KdV) model with additional terms contributed from
the inhomogeneity in the axial direction and the strong transverse confinement
of the condensate, and such a model can also be used to describe the water waves
propagating in a channel with an uneven bottom and/or deformed walls. In this
paper, with the help of symbolic computation, the bilinear form for the vc-KdV
model is obtained and some exact solitonic solutions including the N-solitonic
solution in explicit form are derived through the extended Hirota method. We
also derive the auto-Bäcklund transformation, nonlinear superposition formula,
Lax pairs and conservation laws of this model. Finally, the integrability of the
variable-coefficient model and the characteristic of the nonlinear superposition
formula are discussed.
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1. Introduction

Variable-coefficient Korteweg–de Vries (vc-KdV) models are of current importance in many
physical and engineering fields, as seen, e.g., in [1–6] and references therein. Recent study has
pointed out that the trapped quasi-one-dimensional Bose–Einstein condensates with repulsive
atom–atom interactions and a weak nonlinear excitation can be governed by a vc-KdV model
with additional terms contributed from the inhomogeneity in the axial direction and the strong
transverse confinement of the condensate [1], i.e.,

U ξξξ + m1(X)UUξ + m2(X)UX + m3(X)U + m4(X)Uξ = 0, (1)

where X is the scaled space variable in the axial direction, ξ is the multi-scale variable relying
on the time and space in the axial direction, U(ξ,X) represents the modulus of the condensed-
state wave function, and the variable coefficients m1(X),m2(X),m3(X) and m4(X) are all
related to the trapping potential in the axial direction and chemical potential. Meanwhile,
m3(X) depends on the inhomogeneity in the axial direction and m4(X) depends on the
transverse confinement of the condensate as depicted in [1]. In addition, such a case is also
of value for water waves propagating in a channel with an uneven bottom and/or deformed
walls [1, 2, 7].

Describing the nonlinear excitations of a Bose gas of impenetrable bosons with
longitudinal confinement [3], a special vc-KdV model without the dissipative term is written
as

n1,X + f (X)n1n1,T + g(X)n1,T T T + l(X)n1 = 0, (2)

where X is the scaled space variable in the axial direction, T is the slow-time variable, n1(X, T )

represents the nonlinear excitation of the gas density, and l(X) is related to the peak density
of the gas, while f (X) and g(X) are both functions of the local velocity of excitations and
peak density of the gas as explained in [3]. Additionally, this model can also describe the
dynamics of a circular rod composed of a general compressible hyperelastic material with
variable cross-sections and material density [6], propagation of weakly nonlinear solitonic
waves in a varied-depth shallow-water tunnel [8], evolution of internal gravity waves in lakes
of changing cross-section [9], etc.

In fact, equation (1) can be transformed to the form

ut + f (t)uux + g(t)uxxx + l(t)u + q(t)ux = 0, (3)

through

ξ → x, X → t, U(ξ,X) → u(x, t),
m1(X)

m2(X)
→ f (t),

1

m2(X)
→ g(t),

m3(X)

m2(X)
→ l(t),

m4(X)

m2(X)
→ q(t).

(4)

Higher-dimensional vc-KdV models can be referred to, e.g. [10].
In [2], with the help of symbolic computation [10, 11], the above models have been

transformed into either the standard KdV equation or cylindrical KdV equation under
certain constraints. Our primary aims in this paper are educing the bilinear form, analytic
N-solitonic solution, auto-Bäcklund transformation, nonlinear superposition formula, Lax
pairs and conservation laws of equation (3).

The outline of this paper is as follows. In section 2, we will present the bilinear form and
analytic N-solitonic solution for equation (3) via the extended Hirota method. In section 3,
we will derive the auto-Bäcklund transformation and nonlinear superposition formula in the
bilinear form. In section 4, the Lax pairs and expressions of the conservation laws will be
obtained. Section 5 will be our discussions and conclusions.
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2. Bilinear form and analytic N-solitonic solution for equation (3)

It is well known that the Hirota method is a powerful tool for dealing with soliton problems
for nonlinear evolution equations [12–16], and the variable-coefficient balancing-act method
[4, 17] is an effective one to investigate the variable-coefficient nonlinear evolution equations
(vc-NLEEs). In our previous works, based on the above two methods, the extended Hirota
method has been constructed to transform the vc-NLEEs into variable-coefficient bilinear
form and obtain analytic N-solitonic solution of the vc-NLEEs. Hence, equation (3) can be
transformed into the variable-coefficient bilinear form[

DxDt + g(t)D4
x + q(t)D2

x

]
(F · F) = 0, (5)

by the following transformation

u(x, t) = C0 e−∫
l(t)dt ∂2

∂x2
ln[F(x, t)], (6)

with the constraint

f (t) = C0g(t) e
∫
l(t)dt , (7)

where C0 �= 0 is an arbitrary constant of integration, while constraint (7) is a special case
of the condition for equation (3) to pass the Painlevé test6, and DxDt,D

2
x and D4

x are all the
bilinear operators introduced by [12]

Dm
x Dn

t a · b ≡
(

∂

∂x
− ∂

∂x ′

)m (
∂

∂t
− ∂

∂t ′

)n

a(x, t)b(x ′, t ′)
∣∣∣∣
x ′=x,t ′=t

. (9)

Based on equation (5) and the method of solving N-soliton solution of the standard KdV
equation [18], the dependent variable F(x, t) can be expanded as

F(x, t) = 1 +
n∑

i=1

εiFi(x, t), (10)

where ε is an arbitrary parameter. Substituting equation (10) into equation (5) and choosing
different Fi(i = 1, 2, . . . , N), we can obtain the analytic N-solitonic solution of equation (3).
For instance, the one-solitonic solution can be expressed as

u(x, t) = C0 e− ∫
l(t) dt

{
− 4k2 exp

(
4kx − 16k3

∫
g(t) dt − 4k

∫
q(t) dt + 4δ

)
[
1 + exp

(
2kx − 8k3

∫
g(t) dt − 2k

∫
q(t) dt + 2δ

)]2

+
4k2 exp

(
2kx − 8k3

∫
g(t) dt − 2k

∫
q(t) dt + 2δ

)
1 + exp

(
2kx − 8k3

∫
g(t) dt − 2k

∫
q(t) dt + 2δ

)
}

= C0k
2e− ∫

l(t) dt Sech2

[
kx − 4k3

∫
g(t) dt − k

∫
q(t) dt + δ

]
, (11)

the two-solitonic solution can be expressed as

u(x, t) = C0 e− ∫
l(t)dt


4k1

2 e2θ1 + 4(k1 − k2)
2 e2(θ1+θ2) + 4k2

2 e2θ2

1 + e2θ1 + e2θ2 + (k1−k2)
2

(k1+k2)
2 e2(θ1+θ2)

−
[
2k1 e2θ1 + 2k2 e2θ2 + 2 (k1−k2)

2

k1+k2
e2(θ1+θ1)

]2

[
1 + e2θ1 + e2θ2 + (k1−k2)

2

(k1+k2)
2 e2(θ1+θ2)

]2


 , (12)

6 One of the authors (GMW) has proved that the condition of equation (3) to pass the Painlevé test is

g(t) = f (t) e− ∫
l(t)dt

[
α + β

∫
f (t) e− ∫

l(t)dt dt

]
. (8)



14356 C-Y Zhang et al

with θi = kix − 4ki
3
∫

g(t) dt − ki

∫
q(t) dt + δi(i = 1, 2), and the N-solitonic solution

(N = 3, 4, 5, . . .) can be written as

u(x, t) = C0 e− ∫
l(t)dt ∂2

∂x2
ln

[
1 +

N∑
i=1

Fi(x, t)

]
, (13)

with Fi(x, t) satisfying

F1 =
N∑

i=1

exp

(
2

[
kix − 4ki

3
∫

g(t) dt − ki

∫
q(t) dt + δi

])
, (14)

F2 =
N∑

1�j<i

(ki − kj )
2

(ki + kj )2
exp

(
2

[
kix − 4ki

3
∫

g(t) dt − ki

∫
q(t) dt + δi

+ kjx − 4kj
3
∫

g(t) dt − kj

∫
q(t) dt + δj

])
, (15)

· · · · · · (16)

FN =

 N∏

1�j<i

(ki − kj )
2

(ki + kj )2


 exp

({
N∑

i=1

2

[
kix − 4ki

3
∫

g(t) dt − ki

∫
q(t) dt + δi

]})
.

(17)

3. Auto-Bäcklund transformation and nonlinear superposition formula in bilinear form

In this section, we will derive the auto-Bäcklund transformation and nonlinear superposition
formula in bilinear form.

Let F1(x, t) and F2(x, t) be two distinct solutions of the bilinearized equation, i.e.,
equation (5), which is[

DxDt + g(t)D4
x + q(t)D2

x

]
(F1 · F1) = 0, (18)[

DxDt + g(t)D4
x + q(t)D2

x

]
(F2 · F2) = 0, (19)

and consider an equation

F1
2
[
DxDt + g(t)D4

x + q(t)D2
x

]
(F2 · F2)

−F2
2
[
DxDt + g(t)D4

x + q(t)D2
x

]
(F1 · F1) = 0. (20)

It is obvious that if F1(x, t) satisfies equation (5), F2(x, t) also satisfies the same equation.
Therefore, equation (20) can be regarded as a relation between the pair of solutions F1(x, t)

and F2(x, t), namely, the auto-Bäcklund transformation of equation (5).
In order to write equation (20) in the more conventional form with the ‘x’ part and the ‘t’

part, it is necessary to introduce an arbitrary parameter λ. We can add

− 6λDx[Dx(F2 · F1) · (F1F2)] + 6λDx[(F1F2) · Dx(F1 · F2)] (21)

to equation (20), yielding

F1
2
[
DxDt + g(t)D4

x + q(t)D2
x

]
(F2 · F2) − 6λDx[Dx(F2 · F1) · (F1F2)]

−F2
2
[
DxDt + g(t)D4

x + q(t)D2
x

]
(F1 · F1) + 6λDx[(F1F2) · Dx(F1 · F2)] = 0. (22)
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Via some properties of the bilinear operators [12, 14, 15], equation (22) can be written as

2Dx[Dt(F2 · F1) · (F1F2)] + 2g(t)Dx

[
D3

x(F2 · F1) · (F1F2)
]

+ 2q(t)Dx[Dx(F2 · F1) · (F1F2)] + 6g(t)Dx

[
D2

x(F2 · F1) · Dx(F1 · F2)
]

− 6λDx[Dx(F2 · F1) · (F1F2)] + 6λDx[(F1F2) · Dx(F1 · F2)] = 0. (23)

Combining the first, second, third and fifth terms on the left-hand side of equation (23)
and other two terms respectively, we have

2Dx

{[
Dt(F2 · F1) + g(t)D3

x(F2 · F1) + q(t)Dx(F2 · F1) − 3λDx(F2 · F1)
] · (F1F2)

}
+ Dx

{[
6g(t)D2

x(F2 · F1) + 6λ(F2F1)
] · Dx(F1 · F2)

} = 0. (24)

Obviously, equation (24) is satisfied provided that the following equations hold:

[
Dt + g(t)D3

x + q(t)Dx − 3λDx

]
(F2 · F1) = 0, (25)

g(t)D2
x(F2 · F1) + λ(F2F1) = 0, (26)

which constitute the auto-Bäcklund transformation of equation (3) in bilinear form, where
equations (25) and (26) equate with the ‘t’ part and ‘x’ part, respectively.

In addition, if we add

−6g(t)λDx[Dx(F2 · F1) · (F1F2)] + 6g(t)λDx[(F1F2) · Dx(F1 · F2)] (27)

to equation (20), then we can derive another form of the auto-Bäcklund transformation

[
Dt + g(t)D3

x + q(t)Dx − 3g(t)λDx

]
(F2 · F1) = 0, (28)[

D2
x + λ

]
(F2 · F1) = 0. (29)

To illustrate, taking F1 = 1 as a vacuum solution of equation (5) and substituting it into
the auto-Bäcklund transformation, i.e., equations (28) and (29) (or equations (25) and (26)),
yield

F2 = e−θ (1 + e2θ ) with θ = kx − 4k3
∫

g(t) dt − k

∫
q(t) dt + δ. (30)

Substitution of equation (30) into equation (6) gives rise to a solution of equation (3) as seen

u(x, t) = C0k
2 e− ∫

l(t)dt Sech2

[
kx − 4k3

∫
g(t) dt − k

∫
q(t) dt + δ

]
, (31)

which is the same as expression (11), i.e. the one-solitonic solution of equation (3).
Next, we will present the nonlinear superposition formula.
It should be noted that equation (29), the ‘x’ part of the auto-Bäcklund transformation, is

identical to the one of the standard KdV equation [19], hereby, we can obtain the nonlinear
superposition formula of equation (3) similar to that of the standard KdV equation [19]. Let
F0(x, t) be a solution of equation (5), we can obtain two solutions F1(x, t) and F2(x, t) via
the auto-Bäcklund transformation, i.e. equations (28) and (29), with two arbitrary parameters
λ1 and λ2 (λ1 �= λ2). Then the nonlinear superposition formula is written as

F12 = CF−1
0 Dx(F1 · F2), (32)

where C �= 0 is an arbitrary constant.
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4. Conservation laws and Lax pairs

In the study of a system of partial differential equations (PDEs), the concept of a conservation
law, which is a mathematical formulation of the familiar physical laws such as conservation
of energy and conservation of momentum, plays an important role in the analysis of the basic
properties of the solutions [20]. Hence, in this section, we will study the existence of an
infinite number of conservation laws and Lax pairs of equation (3).

Equation (3) can be equivalently written as

u′
t ′ − 6u′u′

x ′ + u′
x ′x ′x ′ = 0 (33)

from transformations x ′ ←→ x − ∫
q(t) dt, t ′ ←→ ∫

g(t) dt, u′(x ′, t ′) ←→ e
∫ −l(t) dt u(x, t)

and C0 = −6 without loss of generality in equation (7).
As we know, the existence of the infinite conservation laws of equation (33) has been

proved in [21, 22]. It should be noted that equation (3), equivalent to equation (33) via the
above transformations, also possesses the infinite conservation laws. In illustration, the first
three conservation laws of equation (3), i.e. conservation of mass, conservation of momentum
and conservation of energy, are presented in detail. The corresponding conserved densities
are given by

T1 = e
∫

l(t)dt u, (34)

T2 = 1
2 e2

∫
l(t)dt u2, (35)

T3 = e3
∫

l(t)dt u3 + 1
2 e2

∫
l(t)dt ux

2, (36)

and the fluxes can be written as

X1 = e
∫

l(t)dt
[
q(t)u + 1

2f (t)u2 + g(t)uxx

]
, (37)

X2 = e2
∫

l(t)dt
[

1
2q(t)u2 + 1

3f (t)u3 − 1
2g(t)ux

2 + g(t)uuxx

]
, (38)

X3 = e3
∫

l(t)dt q(t)u3 + 3 e3
∫

l(t)dt g(t)u2uxx + 3
4 e3

∫
l(t)dt f (t)u4

+ e2
∫

l(t)dt
[

1
2q(t)ux

2 + f (t)uux
2 − 1

2g(t)uxx
2 + g(t)uxuxxx

]
. (39)

It is easy to prove that ∂Ti

∂t
+ ∂Xi

∂x
= 0 (i = 1, 2, 3).

Next, we will give the Lax pairs of equation (3).
Without loss of generality, taking C0 = −6 in equation (7), the Lax pair can be obtained

through the AKNS system [23–26],

L = −D2 + e
∫

l(t)dt u, (40)

M = −4g(t)D3 − f (t)uD − q(t)D + 3g(t) e
∫

l(t)dt ux, (41)

where D = ∂
∂x

. It is easy to see that Lt − [M,L] = 0 as follows:

Lt = l(t) e
∫

l(t)dt u + e
∫

l(t)dt ut , (42)

[M,L] = ML − LM

= −g(t) e
∫

l(t)dt uxxx − f (t) e
∫

l(t)dt uux − q(t) e
∫

l(t)dt ux, (43)

Lt − [M,L] = e
∫

l(t)dt [ut + f (t)uux + g(t)uxxx + l(t)u + q(t)ux] = 0. (44)
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In addition, other Lax representations when C0 = −6 can also be found from the AKNS
system [23–26], for instance,

L = −D2 + e
∫

l(t)dt u, (45)

M = −g(t)D3 + 1
2f (t) e− ∫

l(t)dtD3 − f (t)uD − q(t)D − 1
2f (t)ux. (46)

It should be noted that other formats for Lax pairs which are different from the above
expressions also exist if C0 �= −6.

5. Discussions and conclusions

The vc-KdV models with perturbed and dissipative terms have been widely used in physical
and engineering sciences. For instance, those models can describe the trapped quasi-one-
dimensional Bose–Einstein condensates with repulsive atom–atom interactions and a weak
nonlinear excitation [1], water waves in a channel with an uneven bottom and/or deformed
walls [1, 7], nonlinear excitations of a Bose gas of impenetrable bosons with longitudinal
confinement [3], dynamics of a circular rod composed of a general compressible hyperelastic
material with variable cross sections and material density [6], propagation of weakly nonlinear
solitonic waves in a varied-depth shallow-water tunnel [8], evolution of internal gravity waves
in lakes of changing cross section [9], etc. In the above sections, by using Mathematica,
many properties of the aforementioned models have been presented such as the bilinear form,
N-solitonic solution in explicit form, auto-Bäcklund transformation, nonlinear superposition
formula, Lax pairs and conservation laws.

The discussions and conclusions on the above results are as follows.

(1) Since we have derived the bilinear form, N-solitonic solution in explicit form, auto-
Bäcklund transformation, nonlinear superposition formula, Lax pairs and conservation
laws for equation (3) under constraint (7), it can be concluded that equation (3) is
integrable when the coefficient functions of nonlinear, dispersive and perturbed terms
satisfy constraint (7). One of the authors GMW has obtained the more general condition
for equation (3) to pass the Painlevé test (see footnote 6). But whether equation (3) under
the more general condition possesses the integrable properties as we have presented above
when constraint (7) holds need to be further investigated. Special attention should be paid
to the fact that constraint (7) is only on the coefficient functions f (t), g(t) and l(t), but
has nothing to do with q(t), i.e. the coefficient of the dissipative term.

(2) From the expression of ‘x’ part of the auto-Bäcklund transformation, i.e. equation (29),
it should be noted that equation (29) is identical to the one of the standard KdV equation.
Meanwhile, the nonlinear superposition formula in bilinear form is also identical to
the standard one. We may suppose that the nonlinear superposition formula for other
generalized vc-KdV equations with perturbed and/or dissipative terms and/or external
force is also identical to equation (32).

(3) Physically speaking, the analytic solutions of the vc-KdV models, especially the solitonic
solutions, might help us to better understand the physical mechanisms such as the Bose–
Einstein condensates for equation (1) and the Bose gas density for equation (2). Although
the coefficient functions and additional terms make it hard to study the vc-KdV equation,
via symbolic computation and the extended Hirota method, the N-solitonic solution
in explicit form can be gained. It is found that the amplitude of the solitary wave
will decrease or increase because of the accumulated effect of perturbation (via l(t)u)
over a time period. We can also find that the coefficient functions of the nonlinear,
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Figure 1. Solution surface u(x, t) describing one solitary wave via expression (11) with
k = 1.0, C0 = 2, g(t) = 1 + 0.6 sin(6t), q(t) = 0.5 + 0.4 sin(6t), l(t) = 0.5 + 0.4 sin(6t).
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Figure 2. Solution surface u(x, t) describing the nonlinear interaction of two solitary waves via
expression (12) with k1 = 1.0, k2 = 1.5 and the others are the same as figure 1.

− 10

5

0

5

10

x
− 0.5

0

0.5

t

20
40
60

u

− 5

0

5

1

x

Figure 3. Solution surface u(x, t) describing the nonlinear interaction of three solitary waves via
expression (13) with k1 = 0.9, k2 = 1.4, k3 = 1.9 and the others are the same as figure 1.

dispersive and dissipative terms, i.e. f (t), g(t) and q(t), are the primary influential
factors for the variation of the solitary wave shape. The above phenomena can be seen
from figures 1, 2 and 3. It is noted that those solitary waves are beyond the travelling
waves.

(4) Although the coefficient functions have influences on the vc-KdV system under
investigation, the N-solitonic solution for equation (3) under constraint (7) admits many
properties which are similar to those of the standard KdV equation. For instance, the
collision between two solitary waves or among three solitary waves (even N solitary
waves) is compatible with elastic collision, that is to say, after the collision the solitary
waves retain their original shapes with the moment of the collision being a phase shift,
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as the interaction between two solitary waves investigated in [28, 29]. Figures 2 and 3,
respectively, show the two and three solitary waves nonlinear interactions characteristic
of the phase shifts. It is obvious in figure 3 that the tallest solitary wave catches the shorter
and the shorter catches the shortest, and then, the waves exchange roles at the moment
of the collision, so that the tallest amplitude becomes shorter and the shortest amplitude
becomes taller before they separate.

(5) To sum up, the vc-KdV models from Bose–Einstein condensates and fluid dynamics
possess many integrable properties under constraint (7) which can be regarded as a
sufficient condition for those models to be integrable.
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